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¢) flx) =571
e 14}
‘rl['t},: 5{_2).11 1010} = 10g b i
X
d y=-9x"
B a—g). 0 = 3w D
2 o -4y - o Jhx A
7
) y=—=Tx"
e¢] ¥ = X
D) = T(~1)x = ~Tx 2 = -
: =
£ flx) = 18V = 1807
E‘I = -I.- o “i2 = i
= 13(2) il
38. Use the rule for sums and differences to differentiate the following functions. Treat the
dependent variable on the left as y and the independent variable on the right as x.
a) R=8F+5-6 b) € = 4F -9 + 28 — 68
ﬂ-lﬁf+5 C'=1F-1+1
ot
c) p=6g'-3q d) q=7p"+ 157"
d
fr- 0g* - 9¢° D,(Tp* + 13p7%) = 28p* - 45p™
THE PRODUCT RULE
39,  Given y = f(x) = 5x*(3x — 7), (a) use the product rule to find the derivative. (b) Simplify the

original function first and then find the derivative. {¢) Compare the two derivatives

a)

b)

cl

Recalling the formula for the product rule from (3.3),
frix) = glx) - h'(x) + hix) - g'(x)

let gx) = 5¢* and h(x) = 3x~7. Then g'(x) = 20x" and A'(x) = 3. Substitute these values in the
product — rule formuln.

¥ = f(x) = 5x(3) + (3r - TH20x")
Simplify algebraically.
y = 15" + 60 ~ 140" = 752" = 1402°
Simplify the onginal function by multiplication.
y=5"-7)= 15" - 352

Take the derivative.
y' = T8c" ~ 14l

The derivatives found in parts (a) and (b) are identical. The derivative of & product can be found by
either method, but as the functions grow more comptlicated, the product rile becomes more useful.
Enowledge of another method helps to check answers.
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3.10. Redo Problem 3.9, given y = f{x) = (x* + 8)(«* + 11).

g) Let g(x) = "+ 8 and h(x) = x* + 11. Then g'(x) = &' and A'"(x} = 6x’". Substituting these values in
{333,

¥y = f(x) = (" + B)6x") + (2 + 11)(8x7)
= fir'’ + 4R + Be'" + 88x7 = J4sM + B8 + 480

b)  Simplitying first through multiplication,
W)= 11) ="+ 115"+ R + BR
Then ¥ o= 14 + 88’ + 480
¢} The derivatives are identical.

All Differentinte each of the following functions using the product rule. Note: The choice of
problems is purposely kept simple in this and other sections of the book to enable students to
see how various rules work. While it is proper and often easier to simplify a function
algebraically before taking the denvaiive, applying the rules io the problems as given in the long
run will help the student to master the rules more efficiently.

@) y= (4 =32
%{4:’—1}{1&*%1:’{&:1 = 400" — 30* + 160 = S&c* — 30
b) y=T'03 - 12)
% = 72%(60) + (3 — 120636%) = 42c% + 189x°° — 7562 = 2316 — 756"

€) y= (2" +5)3° -8)
% = (2% + 5)(152") + (3" = BYBr') = 30x® 4 TRx® + 24s" - By = Sda* + 752" - 6da?
d) z=(3-120%5+4¢)

E = (3 1260(246°%) + (5 + d8) —360) = T2 — 288¢" — 1807 — 144¢* = - 432" + 727 — 180¢

QUOTIENT RULE
L12. Given
1' = M
: 2x
{ur) Find the derivative dircctly, using the quotient rule. (b) Simplify the function by division and
then take its derivative. (¢) Compare the two derivatives.
a)  From (3.4), the formula for the quotient rule is
hix}-g'(x} — glx) - h'lx)
ftx) ()P

where g(x) = the numerator = 10x* — 6’ and A(x) = the denominator = 2x. Take the individual
denvatives,

§(x) = 80x" —~42x®  h'(x) =2
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Substitute in the formula,
| 200808~ 42e) - (10 - 65)(2)

(¥
1605 = B4 — 2068 + 1207 140" - 724
ar ar

= 35" - 18"

b)  Simphifying the onginal functton first by division,

10 - 6x"
T

y = 35" - 18"

Sx" = 3t

¢) The derivatives will always be the same if done correctly, but as functions grow in complexity, the
guotient rule becomes more important. A second method is also a way 1o check answers

3.13. Differentiate each of the following functions by means of the quotient rule. Continue to apply
the rules to the functions as given. Later, when all the rules have been mastered, the functions
can be simplified first and the easiest rule applied.

kP b
. ¥= 4’

Here g(x) = 3x* — 4z und hix) = 4x". Thus, g'(x) = 24x" - 28¢" and h'(x) = 12x°. Substituting in the
quotient formula.

i Ar'(24x” - 28x") = (3" - &a")(1207)
v {4.‘_!‘:']'
_oFtt — 120 - 360+ 48" bl - Bde’
16s” 162"

= 3 75" - 4"

4‘:_4
I —3x
(Noie: The qualifving statement is added because if x = |, the denominator would equal
zero and the function would be undefined.)
n'_ys (1 = 3r)(20x") — 45°(—3) - 2" - 60 + 12+ < 20" - 48¢°
dx (1= 3y (1= 3y (1= 3y

by y= (x#1)

150
0y 28+ Tr-3

dy _ (26 + 70— 3H3h) — 158 @ +7)

ix (2 +Tx-3)
_ 608" 4 2106 - 90x - 60x° ~ 105 _ 105 - 90
- 2+ Tx -39 (2 + 7x -3
txr—7
d) | e (x#d)

dy {(Sx—5)6) - (Ar-T)(8) 4Rr-30-4Bx+56 26
dx (Be - 5V B (8 - 5) (Bx — 5)°
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S —9x+8
9 YSTERT
dy (€ + 1)(10x — 9) — (5x* — 9z + B){2x)
& [ERET
_10e' =92 + 10k -9 - 10" + 186" - 16x _ 9x'—6x -9
1y Ty

THE GENERALIZED FOWER FUNCTION RULE

A14.

315,

Given y = (5x + 8), (a) use the gencralized power function rule to find the derivative: (b)
simplify the function first by squaring it and then take the derivative; (c) compare answers.

i) From the generalized power [unciion rule in (3.5), if fix) = [g{x)]",
F(x) = nlgf ™" g'(x)

Here glx) = 5x + 8, g'{x) = 5, and n = 2. Substitute these values in the generalized power function
rule,

¥ =25k +8F 1§ = 10(5x + 8) = S0x + B0
b} Square the function first and then take the dedvative,

v = {Sx+B)(5xr + &) = 25¢° + By + 64
y' = 50x + 80

¢} The derivatives arc identical. But for higher, negative, and fractional values of n, the generalized
power function rule is faster and more practical.

Find the derivative for each of the following functions with the help of the generalized power
function rule.

a) y= (6 +9)*
Here g{r) = 6’ +9. g'(x) = 18¢%, and a = 4. Substitute in the generalized power function rule,
y' = A6 + 9 LR
= {6’ + 9) - 187 = Tl + 9)
b) y=(2%-5x+7)
y = W2t = Sx 4 TP - (dr = 5)
= (12x = 152" = Sx + T

1
Tt 4+ 13c + 3

gl y=
First convert the function to an easier equivalent form,
yo= (T + 13 + 3)°'
then use the gencralized power function mule,
y'=—=1{7x*+ 13x+ 3)72 (21 + 13)
= (21 + 137 + 132+ 3) 1
_ ~(21 4 13)
(7' + 130+ 3)
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& y=Vi-&
Convert the radical 1o a power function, then differentiate.
y = (34~ &r)?
y' =34 - 6a) 17 (= 120)
—fix
= —6r(M - 6r7) VP = ——
( ) oy
£} P —
R~
Convert 1o an equivalent form; then take the derivalive,
y={4r +94)""
¥o= —Hax' + 94) Y (1207) = —Gri(dat + 94)
(4c' + 940 Vigr' 4 04y
CHAIN RULE

[CHAP. 3

316. Use the chain rule to find the derivative dy/dx for each of the following functions of a function.
Check each answer on your own with the generalized power function rule, noting that the

generalized power function rule is simply a specialized use of the chain rule.

a) y=(3x'+5)
Loty = o and o = 300+ 5 Then dpkly = o° mib durds = 1257, From the chists rule in (26
dy _ dy du
F gl
Substituling % = i’ 12 = T2
But u = 3¢* + 5. Substituting again,
i—’auﬂh-ﬂ}*

b) y={(Ix+9)

Let y=u and u= 7x +9, then dy/du = 2u and du/dx = 7. Substitute these values in the

chain rule,

dy
= -7 = L4
dx

Then substitute Tx + 9 for w.

Bl&

= 14(Tx 4+ 9) = O8r + 126
¢) y=(a-1y
Let v = i’ and u = 4x" — |; then dy/du = Tu", dw/dx = 20xr*, and

£= U - &
e Tu® - 20x* = 140x*
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Substitute u = 4x* - 1.

d_?'n g A _ qyh
Ie 140x*(4x” - 1)

3.17. Redo Problem 3.16, given:
a) y={(x"+3x-1y
Let y = o' and & = &° + 3x — 1, then dvidu = Su* and du/dx = 2x + 3. Substitute in (3.6).

:‘_y= Su'(2x + 3) = (10x + 15)u’

But u = £’ + Ir = |. Therefore,

dy .
= = (10c +15)( + 2x - 1)

b) y= =3 —8x+7)
Let y = —3u® and & = &* — 8 + 7. Then dyldu = ~ 124", du/dx = 2% - 8, and

:—: = =1 2u'(2x — B) = (—24x + 96) 4

= (~24x + 96)(x* — Bx + 7)°

COMBINATION OF RULES
318, Use whatever combination of rules is necessary to find the derivatives of the following

functions, Do not simplify the original functions first. They are deliberately kept simple to

facilitate the practice of the rules.
_ 3x(2x ~ 1)

Sx—2
The function involves & quotient with a product in the nomerator. Hence both the quotient rule
and the product rule are required. Stant with the quotient rule from (3.4),
. h(x)-g'(x) - glx) - A'(x)
[h{x)F

where g(x) = 3x(2x ~ 1), hix) = Sx—2, and &'(x) = 5. Then use the product rule from (3.3) for
Elx)

a) ¥y

g(x)=3 -2+ (25-1)-3=12¢ -1
Substitute the appropriate values in the quotient rule.

,_ (Bx—2)(125 - 3) - [3x(2x - 1)) - §
.‘" ‘51_2}1

Simplily algebraically.
v_ﬁﬂf—lix—!l.r+ﬁ—3ﬂ:‘+15:_3l1r‘—1dz+6
(Sx -2 (5c - 2¢
Nare To check this answer one could let
2x=-1
redi-s % 7

and use the product rule involving a quotient.

s el
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b) y=3x(dx—5)

The [unction involves a product in which one function is raised 1w & power. Both the product rule
and the generalized power function rule are needed. Starting with the product rule,

¥ = glx) - h'{x) + hix) - g'(x)
where gix)=3xr  Mx)=(4x-5F and g(x)=3
Use the gencralized power function rule for A'(x).
h'(x) =24dxr—5)-4 = B{dx = §) = 32x - 40
Substitute the appropnate valucs in the product rule,
' = 3p (320 - 40) + (4x ~ 53
and simplify algebraically.
¥ o= 960" = [20x + 316 = J0x + 25) = 14407 = 240x + 75

Sx+1
2x +7

Here we have a product involving a quotient. Both the product rule and the quotient rule are
necded. Start with the product rule,

y' = glx) W(x)+ h(x) - g'(x)

where glx)=3x-4  Aix)= :::_:

y=(x—4)

and  g(s) =13
and use the quotient rule for A'(x).
(Zx+7H5) - (Sx+1¥2) B3

Y @x+7) @+
Substitute the approprisie values in the produeet rule,
33 5x + 1 PWx-132 15x+3
L - v § =
¥ = VEx+TY 47 3 Cx+TP | 47

_ 9132+ (15x+ 32+ T) 307 + 200 - 111
(2x +7F (2 + 7P

One could check this answer by letting ¥ = (3x — 4){5x + 1)/2x + 7) and using the quotient rule
involving a product.

_ (8x-8y

¥ = x+4)

Start with the guotient rule, where
glx)=(Bxr -5y  Ax)=Tx+4 K(x)=7

and use the peneralized power function rule for g'(x).

£'(x) = 3(8x - 5y - 8 = 24(&s - 5
Substitute these values in the quotient rule.

, _ (Tx +4)-24(8x — 5) — (Bx - 5. 7
i (Tx +4F
- (168 + 96){Bx ~ §) - 7(fx - 5)°
{Tx +4F
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To check this answer, one could let y = (8x = 5)"- (Tx #4) " and use the product rule invalving the
generalized power function rule twice.

Bx+ 4 Y
0 ye(22)

2x+5
Start with the gencralized power function rule,
+4y o [Ix+3
Vams)

Y T\ ks 2+ 5

(i)

Then use the quotient rule,

d A+ ) _(2e+5)3) - (e+4KD) _ 7
de\ 2c+ 5 (2x + 5§y {2+ 5)

nad substitute this value in (1.9),

__1{3“4}_ 7 4Gx+d) _42+5
¥ 2:+5) (2485 (2x+5P (=<5

To check this answer, let v = (3x + 4)° - (2c + 5)°, and use the product rule involving the generalized
power function rule twice.

A19. Differentiate cach of the following, using whatever rules are necesary:
a) y=(5x-1)(3x+4)
Using the product rule together with the generalized power function rule,

d k]
d—f = (5 - 1)[303x + 4Y(3)] + Gx + 4(5)

Simplifying algebraically,

% = (5x — 1)(9)(3x + 4) + 5(3x + 4)' = (452 - 9)(3x + 4 + S(3x + 4)°

_ (X -2)(7x+3)
5x

Using the quoticnt rule along with the product rule,
- Sx|(9x — 2)(7) + {7x + 3)(18x)] — (9" — 2){Tx + INS)

b)

{5z
Sumplifying algebraically,
o Saf63x” — 14 + 12607 + S45) ~ $(635" + 2007 - 1ds ~ 6) _ 630c" + 135 + 30
< 25 25
&3, g 15x + 23;
(3x+1)

Lsing the quotient rule plus the generalized power function rule,

, B+ 1P (15) - (15x + 23)[2(3x + 1)(3)]
J'I 131+ l}l

Simplifying algebraically,
, _ 150+ 1Y - (15 + 23)(18x + 6) _ ~135¢° - 414z~ 123
¥ A+ 1) Ax+ 1)
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4x
9y -1

Using the product rule and the quotient rule,
(9164~ 4x(9) &

d) y={6x+1)

D, = (6x +1) 0 "
Simplifying algebraically,
_ (6r+1)36r-4-36r)  2x _ 216¢ 48 4
== (9x - 17 9y — 1 (9x - 17

-1V
9 I \m+s
Using the generalized power function rule and the quotient rule,

» q[:u—:}* (2x + $)(3) - (3x = 1}{2)
Y =\ +s (2 +5)

Simplifying algebraically,

_3{3;—1)‘ 17 __Li]{lr-—l,'l‘
Y S+ sE Zc+5F (La+5)

HIGHER-ORDER DERIVATIVES

(CHAR 3

3.20, For each of the following functions, (1) find the second-order derivative and (2) evaluate it at

x =1 Practice the use of the different second-order notations,

a) y=Te+52+12

1) %ﬂ“‘”“‘ ) Alx=2, %}-ﬂtlhm
¥y
s 42+ 10 o4
b) fix)=x"+3x"+x
1} fiix) =&+ 120 + 1 2) Atx=12, f(x)=3002)"+36{2)
fix) = 30 + 36 = 624
€) y=(2x+ 38" -6)
1) Dy = (2 + 3)}16x) + (B’ — 6)2) 7) Atx=12, D'y =96(2)+48
= 32 4 48c + 16x° - 12 = 240
= 4R + 48y ~ 12
[¥y= 9+ 48
d) fix) = (x* =3} -2)
== 3% + (0 = 2)dY) ) Atx=2 [ =4202)-2402)F - 1802)
= 3 — O+ drf — R =1212

= Tt -8 - 0
=420 - 240" - 1Rs



